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1 Introduction
, , ( )
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. $F$ $f$ $P$ ,
. , periodic, reducible, $\mathrm{p}\mathrm{s}\mathrm{e}\mathrm{u}\mathrm{d}\mathrm{o}\frac{-}{}\mathrm{A}\mathrm{n}\mathrm{o}\mathrm{s}\mathrm{o}\mathrm{v}$ $(\mathrm{p}\mathrm{A})$ 3
. $P$ $\mathrm{p}\mathrm{A}$ , f\uparrow $P$
. , ( )
. , $\mathrm{p}\mathrm{A}$
, , $\mathrm{p}\mathrm{A}$ . ,
, PA 3 .
2 Nielsen-Thurston
genus $g$ . $F_{\mathit{9}}$ $s$ $S=S_{s}$ , marked point
. ($S=\emptyset$ ) $f$ : $(F_{g}, S)arrow(F_{g}, S)$ . ,
, $f(S)=S$ Nielsen-Thurston
$f$ : $(F_{g}, S)arrow(F_{g}, S)$ 3 [CB]:
$\Phi$ : $(F_{g}, S)arrow(F_{g}, S)$
(1) periodic map: $n\geq 1$ , $\Phi^{n}=id$ ( ) .
(2) reducible map: $\Sigma\subset F_{g}\backslash S$ , $\Phi(\Sigma)=\Sigma$
$\text{ }\overline{F_{g}\backslash (\Sigma\cup S},)$ .
(3) pseudo-Anosov map (PA maP): $(F_{g}, S)$ singular foliation $\mathcal{F}^{\epsilon/u}$ , $F^{s/u}$
transverse measure $\mu^{s/u}$ , $\lambda>1$ ,
$\Phi(F^{\epsilon}, \mu^{s})$ $=$ $(F^{s}, (1/\lambda)\mu^{\partial})$ ,
$\Phi(F^{u}, \mu^{u})$ $=$ $(F^{u}, \lambda\mu^{u})$
. $\lambda=\lambda(\Phi)>1$ dilatation . $F^{s/u}$ $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}/\mathrm{u}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ foliation .
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Theorem 2.1 (Nielsen, Thurston) $2-2g-s<0$ . ,
$f$ : $(F_{\mathit{9}}, S)arrow(F_{g}, S)$ , pe odic map , reducible map , pseudo-Anosov map
. , $S$ .
, $f$ $\mathrm{p}\mathrm{A}$ map , $f$ (
$[f]$ ) $\mathrm{p}\mathrm{A}$ .
$\mathrm{p}\mathrm{A}$ map $\Phi$ dilatation $\lambda(\Phi)$ .
$\bullet$ (Nielsen, Thurston) Dilatation $\mathrm{p}\mathrm{A}$ , 2 $\mathrm{p}\mathrm{A}$
map $\Phi,$ $\Phi’$ : $(F_{g}, S)arrow(F_{g},S)$ $\lambda(\Phi)\neq\lambda(\Phi’)$ $[\Phi]\neq[\Phi’]$ .
$\bullet$ (Arnoux-Yoccoz) $g\geq 1$ $s$ $N=N(g, s)>1$ , $\mathrm{p}\mathrm{A}$ map
$\Phi$ : $(F_{g}, S_{\epsilon})arrow(F_{g}, S_{s})$ , dilatation $\lambda(\Phi)$ , $M=(m_{1,j})_{1\leq i,j\leq n}$
( , $n\leq N$ ) – . ,
$\Lambda_{g}^{s}=$ { $\lambda(\Phi)|\mathrm{p}\mathrm{A}$ map $\Phi$ : $(F_{g},$ $S_{\epsilon})arrow(F_{g},S_{\delta})$}
. , $\Phi$ $n$ $\Phi^{n}$ , $\lambda(\Phi^{n})=(\lambda(\Phi))^{n}$
, $\Lambda_{\mathit{9}}^{s}$ , . $\Lambda_{g}^{s}$ $\lambda_{g}^{\epsilon}$ .
$\bullet$ (Fathi-Shub) $f$ : $(F_{g}, S)arrow(F_{g}, S)$ $h_{top}(f)$ PA map
$\log(\lambda(\Phi))$ $f$ : $(F_{\mathit{9}}, S)arrow(F_{g}, S)$ $\mathrm{p}\mathrm{A}$ map
$\Phi$ : $(F_{g}, S)arrow(F_{g}, S)$ ,
$h_{top}(f)\geq h_{t\varphi}(\Phi)=\log(\lambda(\Phi))$ .
3 Nielsen-Thurston
$f$ : $F_{\mathit{9}}arrow F_{g}$ . , $f$ , $f$
. $f$ , $S$
, $f$ : $(F_{g}, S)arrow(F_{g}, S)$ Nielsen-Thurston $\mathrm{p}\mathrm{A}$
, $f$ .
$f$ : $(F_{\mathit{9}}, S)arrow(F_{\mathit{9}}, S)$ $[f]$ $\mathrm{p}\mathrm{A}$
( [BH]):
$[f]$ $\mathrm{p}\mathrm{A}\Leftrightarrow[f|$ train track map $g[f]$ : $\tau_{[f]}arrow\tau_{[f]}$ , $\mathit{9}[f]$ trainsition matrix
Perron-Frobenius 1 .
train track , $F_{g}\backslash S$ smooth graph ,
train track map , graph map Bestvina-Handel [BH] , $[f]$
. , $[f]$
$\mathrm{p}\mathrm{A}$ , $J\triangleright$ train track map $g[f1 : \eta f]arrow\eta_{f}]$ $\text{ }$ .
, Brinkman $g\geq 2$ $S$ - $\{p^{\infty}\}$
$f$ : $(F_{\mathit{9}}, \{p^{\infty}\})arrow(F_{g}, \{p^{\infty}\})$ .
1 $M$ Perron-Frobenius , $n\geq 1$ , $M^{n}$
.
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. ,
, , Nielsen-Thurston , $\mathrm{p}\mathrm{A}$
, dilatation train track map .
, Hall es $g=0$ ( $F_{\mathit{9}}$ $S^{2}$ ) $S$ – $\{p^{\infty}\}$ , $f$ :





$f$ : $F_{g}arrow F_{\mathit{9}}$ , ,
. , $g=0$ .
$f$ : $F_{0}=S^{2}arrow S^{2}$ .
4.1 dilatation
$D$ 2 , $D$ $s$ $A_{\delta}$
. $(D, s)$ $MCG(D, s)$ $s$- $B_{\delta}$ $\Lambda fCG(D, s)$
$\Gamma:B_{s}arrow MCG(D, s)$







$\Lambda fCG(D, s)$ $\alpha$ , $\alpha$ $f$ : $(D, A_{s})arrow(D, A_{s})$ . D.
p\infty , $S^{2}$ , , $f$ : $(D, A_{s})arrow(D, A_{s})$
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$f:\wedge(S^{2}, A_{n}\cup\{p^{\infty}\})arrow(S^{2}, A_{n}\cup\{p^{\infty}\})$ . ,
$\hat{\Gamma}:MCG(D, s)$ $arrow$ $MCG(S^{2}, s+1)$
$\alpha=[f]$ $\mapsto$ $\alpha=[\wedge f]\wedge$
.
$\hat{\Gamma}0\Gamma:B_{s}arrow MCG(S^{2}, s+1)$
, \beta \in B Nielsen-Thurston (periodic, reducible, $\mathrm{p}\mathrm{A}$) $\hat{\Gamma}0\Gamma(\beta)\in$
$MCG(S^{2}, s+1)$ .
$\beta\in B_{s}$ $\mathrm{p}\mathrm{A}$ , $\beta$ dilatation $\lambda(\beta)$ $\lambda(\beta)=\lambda(\hat{\Gamma}\circ\Gamma(\beta))$ . $\mathrm{P}\mathrm{A}$
$s$- dilatation $\lambda_{D}^{\epsilon}$ .
, dilatation $s=3,4,5$ :
Theorem 4.1 [$MatJ,$ [$HanJ\lambda_{D}^{3}$ $x^{2}-3x+1=0$ 2.618 $\cdots$ .
$\lambda_{D}^{3}$ , $\sigma_{1}\sigma_{2}^{-1}$ .
Theorem 4.2 [KLSJ, [$HSJ\lambda_{D}^{4}$ $x^{4}-2x^{3}-2x+1=0$ 2.296 $\cdots$
. $\lambda_{D}^{4}$ , $\sigma_{1}\sigma_{2}^{-1}\sigma_{3}^{-1}$ .
Theorem 4.3 $[HS]\lambda_{D}^{5}$ $x^{4}-x^{3}-x^{2}-x+1=0$ 1.722 $\cdots$ .
$\lambda_{D}^{5}$ , $\sigma_{1}\sigma_{2}\sigma_{3}\sigma_{4}\sigma_{1}\sigma_{2}$ .
Theorem 4.1 , 3- . 4-, 5-
, Theorem 4.2, 4.3 , train track map
. , dilatation
:
Theorem 4.4 $[HK]s=2g+1$ $2g+2$ . ,
$\log(\lambda_{D}^{s})\leq\frac{\log(2+\sqrt{3})}{g}$ .
4.2
, $f$ : $(D, S_{\theta})arrow(D, S_{s})$ , $S_{s}$ $f$ $s$
. , $h:(D, S_{s})arrow(D, A_{s})$ .
$h\mathrm{o}f\mathrm{o}h^{-1}$ : $(D, A_{s})arrow(D, A_{s})$
$[h\circ f\circ h^{-1}]\in MCG(D, s)$ , $f$ $S_{\epsilon}$
, $bt(S_{s}, f)$ . $[h\circ f\circ h^{-1}]\in MCG(D, s)$ $\mathrm{p}\mathrm{A}$ , dilatation
$\lambda(bt(S_{s}, f))$ $[h\circ f\circ h^{-1}]$ dilatation $\lambda([h\circ f\circ h^{-1}])$ .
$BT= \bigcup_{f}\bigcup_{s}bt(S, f)$
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. $f$ : $Darrow D$ ,
$bi(f)=$ { $bt(P,$ $f)|P$ $f$ }
. Boyland $BT$ $\geq$ :
$b_{1},$ $b_{2}\in BT$ , $b_{1}\geq b_{2}$ ( $b_{1}$ $b_{2}$ )
$\Leftrightarrow$ $f:Darrow D\text{ ^{}\vee}\overline{\text{ }C,b_{1}\in bt(f)\text{ }}$ $b_{2}\in bt(f)$ .
$b\in BT$ genealogy set
$\mathcal{G}(b)=\{a\in BT|b\geq a\}$
. $b$ $\mathrm{p}\mathrm{A}$ , $b$ $\mathrm{p}\mathrm{A}$ map $\Phi_{b}$ , [AF], [Hal]
,
$\mathcal{G}(b)=bt(\Phi_{b})$
. , $b\geq a$ $a$ , $\mathrm{p}\mathrm{A}$ map $\Phi_{b}$
. – , $\mathrm{p}\mathrm{A}$ map , train track map 1 graph map
.
$\geq$ Fathi-Shub , $b_{1},$ $b_{2}\in BT$
$\mathrm{p}\mathrm{A}$ , $b_{1}\geq b_{2}\text{ }\lambda(b_{1})\geq\lambda(b_{2})$ Los , dilatation
:
Theorem 4.5 [$LosJb_{1},$ $b_{2}\in BT$ $pA$ . $b_{1}\geq b_{2}$ , $b_{1}\neq b_{2}$ ,
$\lambda(b_{1})>\lambda(b_{2})$ .
, train track Perron-Robenius .
$\geq$
$\bullet b_{1}\geq b_{1}$ ,
$\bullet$ $b_{1}\geq b_{2},$ $b_{2}\geq b_{3}$ , $b_{1}\geq b_{3}$
. , Boyland ,
Los , Theorem 4.5 :
Theorem 4.6 [$BoyJ_{J}[Los]b_{1},$ $b_{2}\in BT$ , $b_{1}\geq b_{2\mathrm{z}}b_{2}\geq b_{1}$ $b_{1}=b_{2}$ . ,
$\geq$ $BT$
Remark 4.7 $\Gamma$ : $B_{s}arrow MCG(D, s)$ . \beta \in B $\overline{\beta}$
. $\Gamma(\beta)\in MCG(D, s)$ $\langle\Gamma(\beta)\rangle$
. , $\langle\Gamma(\beta)\rangle$ $\beta$ .
5
[HK] , dilatation , 2 ,n
$\sigma_{m,n}$ Section 5.1 , ,
. Section 5.2 , .
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5.1 pseudo-Anosov
2 $m,$ $n\geq 1$ $\beta_{m,n}$ $\sigma_{m,n}$ Figure 2 . $\beta_{m,n}$
3- 4- dilatation – . $\sigma_{1,3}$
5- dilatation .
Figure 2: $\beta_{m,n}$ (left), $\sigma_{m,n}$ (right)
$n\geq m+2\text{ },$ $\sigma_{m,n}\text{ }\mathrm{F}\mathrm{i}\mathrm{g}\mathrm{u}\mathrm{r}\mathrm{e}$ 4 . , Smale horseshoe
(Figure 3) .
Figure 3: Smale-horseshoe map
Figure 4: $\sigma_{m,n}$ , $n\geq m+2$
Theorem 5.1 $[HKJ$
(1) $m,$ $n\geq 1$ f $\beta_{m,n}$ $pA$ .
(2) $\sigma_{m,n}$ $pA$ $\Leftrightarrow|m-n|\geq 2$ .
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$\mathrm{p}\mathrm{A}$ , Bestvina-Handel [BH]
. , graph map , efficient graph map
transition matrix Perron-Frobenius .
, $\mathrm{p}\mathrm{A}$ , dilatation , graph map transition
matrix $M$ $\Lambda_{M}(t)$ – . Theorem 5.1 (2)
, $m=n$ , $\sigma_{m,n}$ periodic , $|m-n|=1$ , $\sigma_{m,n}$ reducible
. ,
$\sigma_{m,n}$
$\mathrm{p}\mathrm{A}$ . $\Leftrightarrow\sigma_{n,m}$ $\mathrm{p}\mathrm{A}$ .
, $\sigma_{m,n}$ $\mathrm{p}\mathrm{A}$ \mbox{\boldmath $\lambda$}(\mbox{\boldmath $\sigma$}m,n)=\mbox{\boldmath $\lambda$}(\mbox{\boldmath $\sigma$}n, . , (2)
$n\geq m+2$ $\sigma_{m,n}$ , (1) $m,$ $n\geq 1$ $\beta_{m,n}$
, [BH] graph map .
Figure 5 , $\beta_{m,n}$ graph map Figure 6 , $\sigma_{m,n}(n\geq m+\mathit{2})$
graph map graph map smoothing , train track





$\sigma_{m,n}$ train track map graph
map , 2 $\beta_{m,n}$ $\sigma_{m,n}$
:
Theorem 5.2 $[KinJ$




(2) $n\geq m+\mathit{2}$ $m,$ $n\geq 1$ , $\sigma_{m,n+1}\geq\sigma_{m,n}$ ,
(3) $n\geq m+2$ $m,$ $n\geq 1$ , $\beta_{m,n}\geq\sigma_{m,n}$ .
Theorem 4.5 :
Corollary 5.3
(1) $m,$ $n\geq 1$ $\lambda(\beta_{m,n})>\lambda(\sqrt m,n+1)$ ,
(2) $n\geq m+2$ $m,$ $n\geq 1$ , $\lambda(\sigma_{m,n+1})>\lambda(\sigma_{m,n})$ ,
( $n\geq m+2$ $m,$ $n\geq 1$ , $\lambda(\beta_{m,n})>\lambda(\sigma_{m,n})$ .
, $\beta_{m,n}$ $\sigma_{m,n}$ dilatation .
Theorem 5.4 [$HKJR_{m}(t)=t^{m}(t-1)-\mathit{2}$ .
$\lim_{narrow\infty}\lambda(\beta_{m,n})=\lim_{narrow\infty}\lambda(\sigma_{m,n})=\lambda(R_{m}(t))$ ,
$\lambda(R_{m}(t))$ $R_{m}(t)$ $(>1)$ .
Corollary 5.3 , $narrow\infty$ $\beta_{m,n}$ $\lambda(R_{m}(t))$ , $\sigma_{m,n}$ $\lambda(R_{m}(t))$
.
, $\mathrm{p}\mathrm{A}$ 3 $\beta$ genealogy set $\mathcal{G}(\beta)$
. Handel [Han] , $\beta$ $\beta_{1,1}=\sigma_{1}\sigma^{-2}$ . Theorem
52(1) , $m,$ $n\geq 1$ , $\beta_{1,1}\geq\beta_{m,n}$ . $f$ : $Darrow D$
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$\mathrm{p}\mathrm{A}$ 3 , $k\geq 3$ , $f$ $k$
.
, $f$ , Smale-horseshoe map $H$ ; $Darrow D$
:
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